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LIMIT ON THE REST MASSES FROM BIG B A N G  
COSMOLOGY 

By 
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The age of the Universe and the Hubble deceleration of galaxies depends upon the 
average mass density. The temperature of the electromagnetic background radiation de- 
termines also the neutrino partiele density. These empirical informations put ah ttpper 
limit on the rest masses of the neutrinos, which are more restrictive than the laboratory 
v a g u e s ,  

w 1. Introduction 

Our direct  expe r imen ta l  in fo rmat ion  abou t  the  neut r ino  tes t  masses  is 

r a t he r  poor:  

m~o < 60 eV [1], m~~ < 1.6 MeV [2]. (1) 

There  is, however ,  a possibi l i ty  to ob ta in  more  res t r ic t ive  u p p e r i i m i t s  on these  
masses  f rom the  empir ica l  cosmology.  The  Universe  is filled b y  a 2.7 ~  b lack  
b o d y  radia t ion,  d iscovered b y  PE~ZIAS and WILSON in 1965 [3]. To de tec t  
the  corresponding neut r ino  background ,  p roduced  at  the  t ime  of the  Big 
Bang,  would be a m u c h  harder  job,  since the  direct  neu t r ino  in terac t ions  are 
weak  ones. On the  o ther  hand,  the neut r inos  m a y  ca r ry  a considerable  pa r t  of  
the  overal l  mass  dens i ty  of  the  Universe ,  consequent ly  the i r  g r a v i t y  migh t  
p l ay  an i m p o r t a n t  role in the  evolut ion of the  Universe.  

In  the  ear ly  s tage of this evolut ion a high n u m b e r  of  pa r t i c le -an t ipa r t i c le  
pairs  were in t h e r m a l  equi l ibr ium wi th  the  rad ia t ion  field. As the  t e m p e r a t u r e  
decreased,  all the  par t ic le  pairs  annih i la ted  b u t  the  neutr inos .  T h e y  found  
themse lves  decoupled f rom the  charged  part icles  and photons ,  thus  the i r  
n u m b e r  did not  change  any  more.  The  n u m b e r  of  neut r inos  m u s t  be  enormous  
even t o -day  as c o m p a r e d  to  the  n u m b e r  of  the  pho tons  and  m u c h  higher  t h a n  
the  n u m b e r  of  the  charged  a tomic  cons t i tuents .  Dur ing  the  expans ion  of the  
Universe  the  b e h a v i o u r  of  mass ive  and  massless  part icles  is qui te  different .  
( In  case of  mass ive  par t ic les  - -  e.g. a toms  --  the  par t ic le  n u m b e r  is f ixed,  the  
vo lume  increases as  R 3, consequent ly  the  par t ic le  dens i ty  goes wi th  R -3 and  
so does the  energy  densi ty ,  too. I n  the  case of  massless p a r t i c l e s -  e.g. pho-  
tons - -  the  wave l eng th  is p ropor t iona l  to R, the  energy to R -3,  consequen t ly  
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the  energy  densi ty  goes wi th  R-4.)  Even a v e ry  t i ny  neut r ino  tes t  mass --  i f  
there  is any  -- might  have  a vas t  influence in shaping the  face of our  present  
world.  This offers us a way  to learn the value of the  neut r ino  rest  mass f rom 
actual  as t ronomical  observat ions.  

The  aim of the  present  paper  is to invest igate  the  influence of rayo and 
roya on the  evolut ion of the  Universe  and to p u t  ah upper  l imit  on them from 
the  expansion deceleration q0 and from the age t o of the  Universe.  

w 2. Geometry of the Universe 

Ah isotopic homogeneous  model of the  Universe  will be assumed,  which 
m a y  be described by  the  R o b e r t s o n - - W a l k e r  metr ic :  

ds 2 = c2dt 2 _ _  R(t)  2 dr 2 -4- r2dt 92 ~- sin2tgdp 2 (2) 
(1 ~- kr2/4) 2 

The dimensionless pa r ame te r  k is character is t ic  for  the  qual i ta t ive  space-t ime 
s t ruc tu re  of the Universe:  

k = - - 1  means ah open space wi th  hyperbol ic  geomet ry  and with 
infinite volume;  

k = 0 means a f la t  Eucl idian space wi th  infinite volume,  
k = + 1  means a closed space with spherical geomet ry  and wi th  f ini te  

volume.  
As the  scale fac tor  R(t)  varies with time, all the  lengths remain propor t iona l  
to it. (This produces the  red shift  of l ight and the  recession of galaxies.) The  
t ime dependence  of R(t)  is described by  the  Eins te in  equations,  which t ake  the  
following from for the metr ic  (2): 

+ k R  2 -- ~ - -  O, (3) 

( e c 2 R ~ ) + P  d ( R a ) = 0 .  (4) 
dt dt 

Here  ~ means  the  mass dens i ty  and P the pressure of mat te r .  These two equa- 
t ions lead to  a s ingular i ty  R = 0. (Ir  is convenien t  to  choose t = 0 at  the  
singular moment . )  Dur ing  the  evolut ion of  the  Universe  the  t ime dependence  
of R(t )  m a y  have three  different  forms (Fig. 1): 

I f  k = - -1 ,  the  expansion slows down all the  t i m e , b u t  wi thou t  s topp i ,g .  
I f  k = 0, the  expansion slows down and stops at  t = ~- oo 
I f  k -~ - -1 ,  the  expansion slows down, stops, t hen  turns  over  to  con- 

t rac t ion.  
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Fig. 1. The time-dependenee of 11(0 in terms of the age of the Universe. The eurves a, b, c 
eorrespond to the values of k = --1,  0, 1. (Both seales ate noMinear.) 

T h e  p r e s e n t  s t a t e  (t = to) of  t h e  expans~on  is u s u a l l y  c h a r a c t e r i z e d  b y  two  
o b s e r v a b l e  q u a n t i t i e s :  b y  the  H u b b l e  p a r a m e t e r  H o a n d  b y  t h e  dece l e r a t i on  

p a r a m e t e r  qo [4]:  

H o - -  /~(t~ = 53 -4- 5 k m / s  Mpe  = [(18.4 ~ 2 ) .  109 y e a r s ]  -1 ,  (5) 
R(to) 

R(t~176 = 0.94 =s 0 ,4 ,  (6) 
q0 - -  l~(to) 2 

k, H o a n d  q0 are  r e l a t e d  to  each  o t h e r  b y  t h e  e q u a t i o n  

c~ 8~G 
k = Ho2(2qo --  1) - -  - - p ,  p = 0 .  

R 2 3 

Th i s  shows,  t h a t  q 0 > 0 " 5  m e a n s  k =  + 1, q 0 < 0 " 5  m e a n s  k - - - - - - 1 .  T h e  
o b s e r v e d  v a l u e  (6) sugges t s  e v i d e n t l y  a c losed U n i v e r s e  w i t h  k = + 1. As i t  

c an  be  seen  f r o m  t h e  r e l a t i on  

/ c 2 ) 3 
3 k + H~o H2qo 

t he  m e a n  v a l u e s  H 0 = 53 k m / s M p c  a n d  q0 = 0.94 g i r e  a m a s s  d e n s i t y  ~(to) = 
= 10 -29 g / c m  3 fo r  our  p r e s e n t  U n i v e r s e ,  wh ich  is c o n s i d e r a b l y  h igher  t h a n  
t h e  op t i ca l l y  o b s e r v e d  s te l la r  m a s s  d e n s i t y  ~.  = 0.03 �9 10 -29 g / c m  3. (The  l a t t e r  
v a l u e  a lone  w o u l d  g i r e  ah  o p e n  u n i v e r s e  w i t h  k = - -  1.) T h c s e  n u m b e r s  s h o w  
t h a t  a cons ide rab l e  n e u t r i n o  c o n t r i b u t i o n  c a n n o t  be  ru l ed  ou t  b y  t h e  p r e s e n t  

a s t r o n o m i c a l  ev idence .  
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w 3. Thermodynamies  in the Lepton Era  

After  the  annihi lat ion of the  hadrons the m a t t e r  was present  in the  form 
of photons ,  leptons and nucleons.  The rmmber  of the  surviving rmcleons was 
de te rmined  by  the  conservat ion  of the baryonic  charge,  the  n u m b er  of  leptons 
and photons  by  the  t empera tu re .  This has the  consequence,  t h a t  irt a cer ta in  
period of the  cosmological evolut ion,  in the  t e m p e r a t u r e  range m ~ c 2 > k T > m e c  z 

the  most  abundan t  part icles were the leptons.  In  this Lep ton  Era  the den- 
si ty was still so high t ha t  collisions were ra ther  f requent .  All the part icles 

Y, e+, e - ,  #+, # - ,  ve, ~e, v~, ~~ 

were in the rma l  equil ibrium, the i r  energy densities were near ly  equal. (The 
only differences were eaused by  the  spin degrees of f reedom and the different  
statist ics.)  I r  one makes the  assumption,  more pessimistic f rom the poin t  of 
view of the  neutr inos t h a t  the  r ight -handed neut r ino  states and le f t -handed 
an t ineu t r ino  states,  appear ing a s a  consequence of m,. v z= 0, have not  had  t ime 
to be filled up, one gets 

7 7 
- - - Q ~ .  ( 7 )  

The leptons ate coupled toge the r  by  the e lect romagnet ic  and weak interact ions:  

e + + e - ~ 2 y ~ #  + + q  

e + + e -  ~- v e -~- ve,  kt + ~- ~ -  V v~ Q- ;~ ,  e -  -~- I~+ ~ Ve -~- (J~, etc. "(8) 

As the t empera tu re  drops below the value k T  = m~c 2, the  muons s t a r t  to  
disappear ,  thei r  energy and en t ropy  flows over  into the  l ighter  particles.  The 
#-neutr inos  do not  collide wi th  muons any  more,  t h e y  do no t  have  energy 
enough to  produce  newer muons.  T h e y  become decoupled from the  tes t  of the  
particles.  (To be more precise, knowing the  cross sections f rom the  t h eo ry  of 
weak interact ions,  one can calculate the average t ime between two successive 
interact ions .  One can speak about  decoupling,  when this t ime becomes longer 
t h a n  the  l ifet ime of the  Universe.  The average in te rac t ion  t ime depends upon  
the t e m p e r a t u r e  ve ry  sensit ively.  The detai led calculat ion of the  decoupling 
t e m p e r a t u r e  will be given in the  Appendix.)  

The  decoupling t e m p e r a t u r e  of the  e lect ron-neutr inos  can be ob ta ined  
on the same line. So the  four  character is t ic  t empera tu re s  of the Lepton  E ra  
tu rn  out  numerica l ly  as follows: 

annihi lat ion of # + # -  at T~ ~ 120 �9 

decoupling of %v~ at  Tv~ = 12 �9 

decoupling of  veve at  Tv,-~ 1 .8"  

1010 ~  (9) 

1010 ~  (10) 

1010 ~  (11) 

(12) annihi la t ioa  of  e'+e - at  Tt -~ 0.59 �9 1010 ~ 
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The n u m b e r  of neutr inos  froze in at  decoupling, the energy of an indi- 
vidual  part icle  decreases a s a  consequence of the expansion of space. The 
en t ropy  and energy of muons and electron pairs flows into t h a t  of the pho tons  
during the  annihi la t ion periods. The en t ro p y  flow is shown by Fig. 2. 

~,2.1012 

1,2.101'i 

1,8,1010 

5,9.10 9 

. . . .  E 

7/, 

7/Ÿ 

T~.3 

Fig. 2. The entropy f]ow in the Universe between the different particles. When different 
channels touch each other, they are in equi]ibrium 

w 4. Calculation of the density and pressure functions 

We are going to s tar t  the calculat ion af ter  the annihi la t ion of the muons,  
at  the decoupling t e m p e r a t u r e  of the  #-neutr inos  (T,g). At  this t e m p e r a t u r e  the  
#-neutr inos are still in equil ibrium with the  other  components .  F rom this 
poin t  ir is easy to  follow the life s tory  of all the particles exact ly .  

P h o t o n s :  The  pho ton  d is t r ibut ion  is given by  Planck ' s  law. The energy 
densi ty  and pressure ate given by  the S t e f an - -Bo l t zmann- fo rmu la :  

1 
~./ = a T  4, Pv  = - ~  ~~ , a = 7 .569.10 -15 e rg /cm 3 ~  4. (13) 

The  wave- length  is changing propor t iona l ly  to the scale fac tor  R, consequent ly  
according to Wien 's  d isplacement  law the t em p e ra tu r e  depends on R on a 
ve ry  simple way:  

R T  = const.  (14) 

Electrons  : T h e y  obey the  Fermi  statistics.  Since in the Lep ton  E ra  the  
ab unda nc y  of e lectron pairs was much  higher  t h an  t h a t  of the  protons,  the  
chemical  po ten t ia l  m a y  be t aken  zero. At  high t empera tu res  one mus t  use 
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relat ivist ic  energies, e : (p2 -4- m2) U2. Consequently,  

16~ {'| p2dp 
ce+ , -  = k- ~ J0 ~ (p) 1 + e~/kr 

With  the  new variables x and 0, defined by the relations 

x = m,c2/kT, e = xcosh  0, p : x s inh0 ,  (15) 

the  integral  can be given in a forro more convenient  for numerical  computa-  

tions [4]: 

2 ~r Qe+e- : 16:z { mec I m,c2 [ sinh 20 cosh 2 0 dO, 
[ h ] )o l + e x p ( x c ~  

16:r {_~)3m,e2f[ sinh' 0 
Pe+e- = - - ~  1 + exp (x cosh 0) dO. 

Let  us define the following functions:  

f ~  dO : ~__, (__ l)n+t Ko(nX) s (16) 
f0 : 1 + exp (x eosh 0) n=l 

l i '  sinh2O dO ~ ~ , ( _  l)n+l K:(nx) (17) 
f l  = 1 + exp (x cosh 0) ,=1 nx ' 

f£ sinh'OdO ~ (__ 1)n+l K2(nx) (1~) 
f2 = 1 + exp (x cosh 0) n=~ (nx) 2 

(Kr is the  modified Bessel funct ion of rank r.) So one has obtained a very  
rapidly converging series expansion. In order to reaeh ah accuracy of 10 -4 
i t  is enough to sum up six terms. The densi ty  and pressure functions can be 
evalua ted  in terms of fo, f l ,  f2: 

~e+e- = 2ae(f~ + f2),  (19) 

2ae f2 (20) = - -  9 pe+e- 3 

a e : 8:z mc 2 = 1.44.102~ erg/cm a . 

At  high temperatures  (eT �87 mec 2) the electrons behave like radiat ion,  i.e. 

7 1 
Qe+e- = -~-- ~~, pe+e- =--~Qe+e - �9 (21) 

In  the  neighbourhood of kT  : mec 2 the energy dens i ty  and  pressure drops very  
fast ,  the energy and ent ropy flows over into the photon  component .  ~t+e-/~~ 
and Pe+e-/P~' are shown in terms of the tempera ture  on Fig. 3. 
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Fig. 3. The temperature-dependence of Pe+e-IP?, Qe+e-/~y and - -dlnR/d In T 
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Fig. 4. The R-dependenee of the different densities. The breaking point eorresponds to mvg 
= 50 eV, approximately. The crossing point of the eurves Q and Qo determines the end of the 

expansion of the Universe 
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Electron-neutrinos: In  the  case of vanishing rest  mass one has t he rma l  
d is t r ibut ion before decoupling: 

7 1 
Q" = --8 aT4' P" = --3 ~~*' if T > T~o. (22) 

In  the  m o m e n t  of decoupling the  t empe ra tu r e  is Tu,, the  scale fac to r  is R~. 
F rom this point  on each neut r ino  looses energy via the  Hubble  shift, according 
to the  law p ~-~ 2 -1 N R-1 .  The  R dependence of ~ and p i s  r ad ia t ion- type :  

Qv' = -8- P ~ ' = 3  Q~~ if  T<T~,  

One sees t h a t  the  formulas  (22) can be used in the  whole region. 
Muon-neutrinos: We are interes ted in the  possibil i ty t h a t  p-neutr inos  

m a y  have  a nonvanishing rest  mass, and this makes life harder .  At  the m o m e n t  
of the  decoupling (Tvg, R~~) there  is still an equil ibr ium distr ibut ion:  

d n ( p ) -  8~ p2dp (23) 
h a 1 -t- exp[ (P  ~ -4- m~~)l/2/kT~~] 

After  having been decoupled,  the  number  of neutr inos  does not  change any  
longer. The  m o m e n t u m  of each individual  par t ic le  will decreasc p ropor t iona l ly  
to R -L, 

consequent ly  the to ta l  energy densi ty m a y  be obta ined by  in tegra t ing  
m 2 ~I12 the  dis t r ibut ion (23): e' = (p2 + '~~" over  

The pres~ure can be compu ted  from the formula  as p : -- dE/dV. Using the  
same subst i tu t ions  as in the  case of electrons, wri t ing ' 

e(R) = [l + [~)2sinh~ O] 1/2 

one gets the  energy densi ty  and pressure: 

~~~= t?t~tm~~'a fi m, 
sinh 2 0 cosh OdO 

1 + exp (x cosh 0) 

P~~'~~= [ M e] 3 Jo e(R) l ~ - e x p ( x c o s h 0 )  

(24) 

(25) 
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These expressions can be in tegra ted  numerica l ly  b y  convent ional  methods .  
(No series expansion is allowed, because the  value of R changes 11 orders of 
magni tude. )  

I f  one supposes a nonvanishing tes t  mass also for the  electron neutr inos,  
t hey  mus t  be t r ea t ed  in the same way  as the  muon neutr inos.  

I r  the r igh t -handed  neutr ino states  and lef t -handed ant ineut r ino  states 
have had  t ime enough to be filled up, the  e-neutrino and #-neutr ino densi ty  
and pressure values must  be doubled.  

Knowing the  energy densi ty  and pressure in t e rms  of R, one can s ta r t  
to  in tegra te  the  Eins te in  equat ions (3), (4), which give us the h is tory  of the 
expansion.  

w 5. Integration of the Einstein equations 

I f  ~(R) is known from w 4, one can in tegra te  the equat ion  (3), i f t h e  initial 
conditions are known.  Le t  us s tar t  the in tegrat ion at the  moment ,  when T cools 
down to T~~ and the  #-neutr inos becoIne decoupled.  Since this is well within 
1 second af ter  the  Big Bang, we m a y  pu t  t = 0. Let  us choose R(o) arbi t rar i ly .  
(The neut r ino  tes t  masses m~~ and m~~ are o ther  free paraineters  in the calcula- 
t ion.)  

The compu te r  calculat ion of R(t) is made  to stop, when the pho ton  
t empera tu re  Ty(t) reaches its present  value  2.7 ~ The corresponding t ---- t o 
is the age of the  Universe.  F rom the R(t) funct ion one can obta in  the actual  
values of H 0 and q0" In this way  to every  choice of R(o), m~~ and m~~ one obtains 
definite values for  to, H 0 and q0" I r  the  l a t t e r  numbers  are known empirically,  
one can f ind the correct  values of R(o), m~e and m~~. In  this way  the neutr ino 
rest  masses are available from real as t ronomical  observat ions.  

In  the  actual  computa t ion  is advantageous  to sepi~rate the photon-  
e lec t ron-component  ~1 from the neut r ino  component  ~2. The former  are always 
st icked toge ther  by  the e lect romagnet ic  in teract ion.  

F r om the Eins te in  equat ions (3), (4) it follows 

dQdt 3 [ R / ( P @ ~ ) "  

The lef t -hand side can be wr i t ten  as follows: 

do d9 d In T d~ d In R 

dt d In T dt d In R dt 

After  some simple tr icks one arrives to the  relat ion 

d~~ _ 3(p~ ~- ~~) d l n R  (26) 
d In T d In T 
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By making use of the resuhs of w 4, one can write this in the following forro: 

d l n R _  1 2ae f o + 2 f l  

d In T 3 Pi + Q1 

Since in the adiabatic equation of state of the radiation field d In R/d In T ---- 
--~ -- 1, the first term of the right-hand side describes the adiabatic eooling 
of radiation, caused by the expansion, the second term describes the influence 
of pair annihilation on the radiation. This entropy transition is important  only 
around the temperature Te (Fig. 3). 

By taking this remark into account, Eq. (26) can be integrated after 
some simple substitutions. The integration constant can be obtained by con- 
sidering tha t  the electron in high temperature limit must behave radiation-like. 

Rv~,Tv~ [ l_l_l /3aT4 ] 1/3 (27) 
R - -  

This gives the scale factor R at the moment when the temperature of the 
uuiverse is T. 

The only open question left is the time dependence of the expansion. 
This is described by the Einstein equation (3). For the actual work it is con- 
venient to eliminate R from this differential equation witb the help of the 
formula (27), so one gets a differential equation for the function 

[8~~ ~.c'l'~' 
d l n T  d l n T  d l n R  - - 0 - -  ~L i 
. . . . .  t (28) 
d In t d In R d In t 1 -k 2ae f0 -k 2fl 

3 Pi -k ~1 
This equation is integrated by computer. 

The density runs proportional to R -4 first (radiation-type Universe), as 
is shown in Fig. 5. At the temperature k T  = mvgc 2 there is a breaking point 
on the density curve: the slope changes, because the density starts to behave 
like R -3 (rest mass-type Universe). I f  mv~ is larger than 3--4 eV, this change 
happens before the protons became dominating. In this case the presence of 
the atoms may be neglected in discussing the cosmological evolution of the 
Universe. The time corresponding to the breaking point which is important  
for the character of the expansion, depends sensitively on mvg. This is the 
explanation, why the observable astronomical values H0, q0, to depend on the 
neutrino mass so sensitively. 

w 6. Conclusion 

In a prcvious calculation GERSHTEIN and ZEL'DOVICH obtained the 
estimation 

mv~ < 200 eV 
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Fig.  5. The graph of Ho, qo and to in terms of my. and Ro, the early radius of the Universe. 
The solid curves 1, 2, 3 correspond to the values H£ = 48, 53, 58 km/s.Mpc. The dashed lines 
4, 5 correspond to qo ~ 1.34 and 0.94. The dotted-dashed lines 6, 7 correspond to the values 

to~-12 and 11 Gyears, respectively 

from the age of the moon  rocks (t o < 4.5 �9 109 years) in their  pioneering work [6]. 

The present  authors  made  use of the observed Hubble  pa ramete r  (5) and from 

the  conservat ive  deceleration limit qo < 2 to deduce a sharper  limit on the 

neu t r ino  mass m~g [7]: 

m~~ < 140 eV. (29) 

Later COWSlK and McCLELLAND used the optimistic value qo ---- 0.94 and t h e y  

concluded [8] in 

,Um~ < 66 eV. (30) 

In  the present  fluid s ta te  of the empirical  cosmology ir m a y  be a be t te r  tact ics  

to leave the choice f rom observat ional  da ta  to the reader. We summar ize  the 

results of our calculations in Figs 5, 6. Here the values of to, H 0 and q0 have  
been plot ted  in terms of mvg and R(0). A more informat ive  d iagram is shown 

in Fig. 7, where t o and qo are plot ted for different possible values of H o and m~. 
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F i g .  6. S a m e  a s  F i g .  5,  o n ] y  t h e  r a n g e  o f  m y .  i s  d i f f e r e n t .  T h e  c r o s s i n g  p o i n t s ,  g i v i n g  t h e  l i m i t s  
�9 . b ~ . . 

on the v,  rest mass can be seen on th~s figure. The scale on the r,ght hand s~de shows the values 
. . . .  ~8 of R (the radms of the Umverse now). The umts are 10" cm-s. On the upper scale the energy 

density of the Universe is given. The solid curves 1, 2, 3 correspond to Ho = 48, 53 and 58 
km/s.Mpc, the dashed fines 4,5 correspond to qo : 1.34 and 0.94, the dotted-dashed lines 

correspond to to = 12, ]1, 10 Gy 

I n  t h e s e  c a l c u l a t i o n s  t h e  m o s t  p e s s i m i s t i c  a s s u m p t i o n s  were  used:  T h e  

e v o l u t i o n  o f  the  U n i v e r s e  wa s  too  fast  to  f i l l  up  t h e  r i g h t - h a n d e d  v an d  le f t -  

h a n d e d  ~ s ta tes ,  the  v e rest  m a s s  equals  zero,  so t h e  w h o l e  c o s m o l o g i c a l  e f fect  

is carried b y  the  % rest  mass .  Ir one  drops th ese  a s s u m p t i o n s ,  on t h e  h o r i z o n t a l  

axis  in  F igs  5, 6, 7, one  can wr i te  the  s u m  of  t h e  n e u t r i n o  tes t  masses ,  s u m m e d  

over  all  t h e  n e u t r i n o  degrees  o f  f r e e d o m ,  i .e.  ~ m . g  : 4 m . ,  + 4 m ~ .  

Ir is s h o w n  in t h e s e  F i g u r e s ,  t h a t  t h e  c o n c l u s i o n  

m~g < Sm~ < 90 eV (31) 

is c o n v i n c i n g  e v e n  u n d e r  m o d e r a t e  use  of  the  da ta  b o r r o w e d  from th e  e m p i r i c a ,  

c o s m o l o g y .  I f  we  a c c e p t  t h e  n u c l e a r  age of  our G a l a x y  [9] 

tG : (12 4- 2) �9 109 y e a r s ,  (32)  
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Fig. 7. Same as Figs. 5 and 6, only the Ro dependence is eliminated. The parameters q0 and 
to ate plotted in terms of rnvg and H0.The possible values of the parameters ate laying within 
the area, bounded by the lines H0 ~ 48, H0 = 58 (km/s.Mpc), q0 = 1.34 and to ~ 10 Gy 

one can p u t a  more restrictive upper  limit 

m~~ ~ Zm~ < 64 eV. (33) 

I f  one had  m~, - -  m~~ and if all the eight v states were filled up,  one would 

arrive at the optimist ic conclusion 

m < 22 eV (or 16 eV, respectively).  

These values are by  four or five orders of magni tude  more accurate ,  t han  the 
l abora to ry  limit (1). (The ineclualities might  tu rn  into equalities, ir we were 

able to know definitely tha t  neutr inos are the only dominat ing  forro of ma t t e r  
and ir the as t ronomical  da ta  were free from any  sys temat ic  error�9 In  this case 

one could say t h a t  the dominat ing forro of ma t t e r  are neutr inos,  pract ical ly  

at  rest.) 
Another ,  even more daring idea to measure the neutr ino test  mass by  

watching the sky is based on the "miss ing mass"  phenomenon  in big clusters 
of galaxies, especially in the Coma cluster. This invisible mass, which stabilizes 

the cluster, m a y  be in terpreted a s a  neutr ino concent ra t ion  produced by  the 

Acta Physica Academiae Scientiarum Hungaricae 35, 1974 



126 A.S.  SZALAY and G. MARX 

gravi ta t iona l  pull of  the cluster  [10]. The va lue  of the  neutr ino rest  mass 
es t imated  in this way turns  out  to be comparable  --  or even be t t e r  -- t han  
tha~ given in this paper.  The  idea of a t iny  nonvanishing neutr ino tes t  mass, 
suggested by  as t ronomy,  deserves fu r ther  invest igat ions.  

Appendix 

Calculation of the decoupling temperature 

The  abundancy  of the  neut r ino- lepton in teraet ions  can be eharacter ized 
b y  the  average in terac t ion  t ime.  This  quan t i t y  is b y  definit ion 

~~l (T) -- (%> (34) 
<n~nt~ 1 o I> 

n~ and n t are the number  densities of neutr inos  and leptons,  respeet ively .  
a i s  t he  cross section, 1 v t is the  relat ive veloci ty.  %t is ex t remely  sensi t ive to  
the  ac tua l  value of the  t e m p e r a t u r  e, ir increases rapidly  as t e m p e r a t u r e  
deereases. 

The decoupling temperature : is by  definition the  t empera tu re ,  below whieh 
the  neut r inos  praet ieal ly  do no t  in terae t  with o ther  part ieles any  more.  This 
happens  when the average in te rac t ion  t ime beeomes equal to the  age of  the  
Universe :  

r~l(T) = t (T).  (35) 

Such a sharp  decoupling is ah idealisat ion of the  process, of course, b u t  ir is 
a good approx imat ion ,  since the  in terae t ion  t ime increases with the  t em p e ra tu r e  
ve ry  rapid ly .  

The  react ion ve q- e--~ e + ve was s tudied b y  J.  BAHCALL [11] and 
T. DE GRAAF [12], t hey  concluded in the average in te rac t ion  t ime 

T A = 7- 105 Tff 5 sec (36) 

(7"9 denotes  the  t empera tu re  in 109 ~  units.) 
The  react ion e + + e -  ~ Ve + ~'e was eonsidered by  H. Y. CHXU [13]. 

The average interact ion t ime is 

%, = 1.5.106 T9 5 sec .  (37) 

The  relat ion between the  t empera tu re  and the  age of the Universe  is 

t = 102 T i  2sec .  (38) 

The  decoupling t e m p e r a t u r e  for the g-neutr inos ,  obtairted f rom the  f irs t  
(Ve ~- e -+ e q- ve) react ion,  according to equat ion  (35) is 

T~, = 1.8"  1010 ~  (39) 
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This is higher,  t h a n  the  annihilat ion tempera ture  of the  electrons, 

Te ---- 5.9 �9 lO o ~ (40) 

The similar reactions for the/~-neutr inos ar e 

v. + g --* # + v~, (41) 

Fig .  8. T h e  g r a p h  of  t h e  p rocess  e + ~tt-'~ v~ + �9 

The average in teract ion t ime for the first  reaction [12] 

% =  

The corresponding decoupling tempera ture  is 

Tus : 1.2 �9 iO n ~  (43) 

(The # annihi la t ion tempera ture  is T~ = 1.2 �9 10 TM ~ 
There is a possibility, however, t ha t  the reaction 

v . + e - - ~ e � 9 1  

might  p lay  ah impor tan t  tole, since below the g annihi lat ion t empera tu re  the 
number  densi ty of electrons is much  higher,  t han  the  number  dens i ty  of  
muons.  The corresponding graph is shown in Fig. 8; the  #-neutr ino can be 
scat tered by  electrons through its electromagnetic forro factor  [14]. 

eG 1 ~(r) u(v) 
<vg [ J "  Ir  i> -- V2 12~~ F(q2)2 (2n) 3/2 (~~(1 -- i7s)q 2 + 2Mq~(i75)} (2~)a/--------~, 

w h e r e  

A 2 5 11 q2 
F(q 2) = In A- , A = 300 Gev, 

M 2 6 30 M i 

the  cut-off  parameter ;  m.  = 106 Meu the muon rest mass; q = p ~ -  p,,, 
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t h e  t r a n s f e r r e d  m o m e n t a ;  M i s  t he  v~, t es t  mass .  A f t e r  some ca lcu la t ions  one 

gets  

d a  e4G 2 F(q2) 2. 1 {(S__#2e__M2)o+(S__#2e__M2+t)2 2rtFe(2M__t)} " 
dQ 18 (27t 6) 45 

I n  o rde r  t o  de t e rmine  t he  a ve r a ge  i n t e r a c t i on  t ime ,  we h a v e  to  i n t e g r a t e  the  

fo l lowing  express ion  n u m e r i c a l l y :  

f da d~2f, fedpvdped(eos O) (44) 

where  J ;  and  fe are t he  s t a t i s t i ca l  d i s t r i bu t ion  func t i ons  of  the  neu t r inos  and  
e lec t rons .  Af t e r  the  s e p a r a t i o n  o f  some c o n s t a n t  f ac to r s  this express ion  can 

be w r i t t e n  in the  fo l lowing f o r m :  

(n~nea [v ]> = 2.35 �9 1016I(T). (45) 

H e r e  I (T)  is a nurner ica l ly  ca lcu lab le  d imens ionIess  func t ion ,  d e p e n d i n g  on 

the  t e m p e r a t u r e  only .  

T h e  m e a n  va lue  os ny is 

<n.> = 4 .164 .102s  T3g q c m  -3  , 

c o n s e q u e n t l y  

~~, _ <ny> - -  7.769" 1012 T~q (46) 
<n,ni~r I v 1> I(T)  

A f t e r  some n u m e r i c a l  c o m p u t a t i o n  t he  deeoup l ing  t e m p e r a t u r e  o b t a i n e d  

f r o m  this  r eac t i on  (% + e -+ e ~- v~) t u rns  ou t  t o  be  T~~ e = 4.1 �9 1011 ~  wh ich  

is high~.r, t h a n  the  decoup l ing  t e m p e r a t u r e  o f  t he  v~, + y - +  y + v# r eac t i on  

(F ig .  9). 

Iog t [s~c]  o _  
I 
I r 

10 lz Z,,lxlO Ir 10 ir 1010 

Fig. 9. Determination of the deeoupling temperature from the average interaction time of 
the reaction e + v~---,- v. -~- e. t(T) is the age of the Universe, zvge (T) the average interaction 

�9 . P 
t n n e ,  b o t h  d e p e n d m g  o n  t h e  t e m p e r a t u r e  o n l y .  T h e i r  c r o s s i n g  p o i n t  d e t e r m i n e s  t h e  d e e o u p l i n g  

t e m p e r a t u r e :  Tvl~e---- 4.1 �9 10 li ~  

Acta Physica Academiae Scientiarum Hungaricae 35, 1974 



LIMIT ON THE REST MASSES 129 

A n o t h e r  v a l u e  of  t h e  d e c o u p l i n g  t e m p e r a t u r e s  can  b e  c a l c u l a t e d  in  W e i n -  

b e r g ' s  m o d e l  o f  w e a k  a n d  e l e c t r o m a g n e t i c  i n t e r a c t i o n s .  T h e  vs + e -+ e + v~ 

r e a c t i o n  has  b e e n  c o n s i d e r e d  b y  B. W .  LEE e t  al .  [15]. 

G ( 3 ~ } (  m w )[vy~( 1 _ i?5)v] [ e ~ ~ ( 1 -  iyS)e] .  
T(v~ + e ~ e  q- v~) = i ~ ~ 5 3 G e V  

B y  t a k i n g  th i s  i n to  a c c o u n t ,  we  ge t  a d e c o u p l i n g  t e m p e r a t u r e  s o m e w h a t  

l ower ,  a b o u t  

T w = 3.1011 ~  v ~tt 

So we m a y  c o n c l u d e  b y  s a y i n g  t h a t  t h e  d e c o u p l i n g  o f / ~ - n e u t r i n o s  f r o m  t h e  

t e s t  of  p a r t i c l e s  t a k e s  p l a c e  s o m e w h e r e  a r o u n d  t h e  t e m p e r a t u r e  

T~, = 1.2 �9 1011 ~  

T h e  u n c e r t a i n t y  in  t h e  v a l u e  o f  t h e  d e c o u p l i n g  t e m p e r a t u r e  has  a s m a l l  

i n f l u e n c e  on t h e  e x p a n s i o n a s  a who le ,  s ince  a b o u t  t h e  t i m e  o f  d e c o u p l i n g  t h e r e  

a r e  no l a r g e  e n t r o p y  e x c h a n g e s  b e t w e e n  t h e  o t h e r  p a r t i c l e s  e i t he r ,  a n d  on  t h e  

o t h e r  h a n d  t h e  d e c o u p l e d  n e u t r i n o  t e s t  m a s s e s  a re  neg l i g ib l e ,  so t h e  a d i a b a t i c  

coo l ing  a n d  t h e  I - /ubble  sh i f t  o f  t h e  i n d i v i d u a l  p a r t i c l e s  p r o d u c e  t h e  s a m e  

change .  
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